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Let B be a bounded linear operator of a Banach space X into itself. If the 
differential operator (d/c&) - B has a property more general than Bohr- 
Neugebauer property for Bochner almost-periodic functions, then any 
Stepanov-hounded solution of the differential equation (d/dt) u(t) - Bu(t) = g(t) 
is also almost-periodic, with g(t) being continuous and Stepanov almost- 
periodic. 
1. INTRODUCTION 
Let J be the interval -CO < t < CO, and X a Banach space. A continuous 
function f: J -+ X is said to be (Bochner or strongly) almost-periodic if, 
given E > 0, there is a positive real number I = Z(E) such that any interval 
of the real line of length 1 contains at least one point T for which 
For 1 < p < co, a continuous function f: J -+ X is said to be Stepanov- 
bounded or P-bounded if 
(1.2) 
For 1 < p < co, a continuous function f: j --+ X is said to be Stepanov 
almost-periodic or 5’” almost-periodic if, given E > 0, there exists a positive 
real number I = Z(E) such that any interval of the real line of length Z contains 
at least one point T for which 
sup [j”” j,f(s + 7) -f(s)ll” dy -( E. 
t&J t 
Suppose that B is a bounded linear operator of X into itself, and consider 
the abstract differential operator d/dt - B. We say that it has Bohr- 
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Neugebauer property if, for any almost-periodic X-valued function f(t), 
any bounded (on J) solution of the equation 
$ u(t) - B u(t) = f(t) on J 
is also almost-periodic. 
The object of this paper is to demonstrate the following result: 
THEOREM. Let the dz$&ential operator djdt - B be such that, for any 
almost-periodic X-valued function f (t), any SD-bounded solution of the equation 
(1.4) is 23’ almost-periodic. If p > 1, then, for any S” almost-periodic ontinuous 
X-valued function g(t), any Sp-bounded solution of the equation 
$ u(t) - B u(t) = g(t) on J 
is also almost-periodic. 
Rem&s. (i) For p > 1, our Theorem is a generalization of a result of 
Zaidman [3]. (ii) For p = 1, our Theorem holds for any P-bounded 
uniformly continuous solution of the equation (1.5). 
2. PROOF OF THEOREM 
Suppose u(t) is an P-bounded solution of (1.5). Then we have the 
representation 
I*(L) = u(O) + it B 4s) ds + jot g(s) ds for all t E J. WI 
If 0 < tz - tl < 1 and l/p + l/q = 1, then, by Holder’s inequality, 
/I J1:’ B ~(4 ds 1; B II B II - I: II 44ll QTY 
d II B II [jl:‘” II WI” d.f”* (tz - W” 
6 II B II . II u IIs” * (tz - Wq. (2.2) 
Similarly, we have the estimate 
I~~~g(s)ds/)~llgll,,(f,-tl)l~q. (2.3) 
From (2.1)-(2.3), it follows that u(t) is uniformly continuous on J. 
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Now consider a sequence (~~(t)}z=~ of infinitely differentiable non-negative 
functions such that 
p.,(t) = 0 for 1 t / 2 i, Jn-’ p,(t) dt = 1. 
-n-l 
(2.4) 
The convolution between u and ,on is defined by 
(u * p,)(t) = [” u(t - s) p,(s) ds = [” u(s) p,& - s) ds. (2.5) 
J-w J-m 
From (1.5), it follows easily that 
$ (u * P&> - B(” * /%)(t> = k * d(t) 
Further, again by Holder’s inequality, 
for all t E J. (2.6) 
G 2cp, II 24 IIS’ for all t E J and n = 1, 2,... . (2.7) 
Similarly, the SP almost-periodicity of g(t) implies the almost-periodicity 
of (g *p,)(t) for all n = 1, 2,... . 
So, by the assumption made on the operator d/dt - B, (u * p,)(t) is S” 
almost-periodic for all n = 1, 2,... . 
From (2.6), we have the representation 
(u * d(t) = (u * P,)(O) + jot B(u * d(s) ds + Iot (g * P,>(S) ds. CW 
From this representation, it is easy to see that (U *p%)(t) is uniformly 
continuous on J. Consequently, by Theorem VII, p. 78, Amerio and Prouse 
[l], (U *p,)(t) is almost-periodic for all n = 1, 2,... . 
Now, from the uniform continuity of u(t) on J (shown at the outset of 
this proof), the sequence of convolutions (U * p,)(t) is uniformly convergent 
to u(t) on J for n -+ 03. Hence it follows that u(t) is almost-periodic from j 
to X, which completes the proof of the theorem. 
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3. NOTES 
(i) Suppose X is a Hilbert space and B a self-adjoint bounded linear 
operator of X into itself. Then we know that the operator djdt - B has 
Bohr-Neugebauer property (see Zaidman [4]). Given an almost-periodic 
X-valued functionf(t), suppose that, for 1 < p < co, u(t) is an &“a-bounded 
solution of the differential equation 
-f&u(t) - B u(t) = f(t) on J. 
If we replace g by f in the proof of our Theorem, then, by the Bohr- 
Neugebauer property of the operator d/dt - B, it follows that u(t) is almost- 
periodic from J to X. Thus, in this case, the operator d/dt - B satisfies 
the hypothesis of our Theorem for p > 1. 
(ii) Now suppose X is a reflexive Banach space and B = 0, Then the 
operator d/h has Bohr-Neugebauer property (see Amerio and Prouse [l], 
p. 55 and Authors’ Remark on p. 82). Given an S* almost-periodic continuous 
X-valued function f(t) with 1 < p < co, suppose u(t) is an @‘-bounded 
solution of the differential equation 
f u(t) =f(t) on J. 
Then we have the representation 
(3.1) 
W) = @) + lt f(s) ds for all t E J. (3.2) 
So, from Theorem VIII, p. 79, Amerio and Proust: [l], it follows that 
U(t) is uniformly continuous on J. 
For the sequence {pn(t)}& d e ne fi d in the proof of our Theorem, it follows 
from (3.1) that 
$ (u * p,>(t> = (f * pdt> for afl t E J. (3.3) 
We note that the SP-boundedness of u(t) implies the B-boundedness of u(t). 
So, if 
G ~I% s 
t+1 
II 44ll da < 2Mp,, II u /lsx for all t E: J. (3.4) t-l 
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Similarly, we can show that the ST almost-periodicity off(t) implies the 
almost-periodicity of (f * p,)(t). 
Therefore, by the Bohr-Neugebauer property of the operator d/dt, 
(U x pm)(t) is almost-periodic from J to X for all 1z = 1, 2,... . 
Moreover, by the uniform continuity of u(t) on J, 
(24 * p,)(t) --+ a(t) as n -+ co, uniformly on J. 
Hence u(t) is almost-periodic from J to X. Consequently, the operator 
d/dt satisfies the assumption of our Theorem for 1 < p < CO. 
For p = 1, this result is an extension of a result of Prouse [2, Theorem 5.11. 
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